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Pretace

The guiding principle in this book is to use differential forms as an aid in
exploring some of the less digestible aspects of algebraic topology. Accord-
ingly, we move primarily in the realm of smooth manifolds and use the
de Rham theory as a prototype of all of colhomology. For applications to
honiotopy theory we also discuss by way of analogy cohomology with
arbitrary cocificients.

Although we have 1n mind an audience with pricr exposure to algebraic
or differential topology, for the most part a good knowledge of lincar
algcbra, advanced calculus, and point-sct topology should suflice. Some
acquatntance with manifelds, simplicial complexes, singular homology and
cohomology, and homotopy groups is helpful, but not really necessary.

Within the text itself we have stated with care the more advanced resulis

that are needed, so that a mathematically mature reader who accepts these
background materials on faith should be able to read the entire book with

the minimal prerequisites. |
There are more materials here than can be reasenably covered in a
one-semester course. Certaint sections may be omitted at first reading with-

out loss of continuity. We have indicated these in the schematic diagram
that follows,

This book 15 not intended to be foundational; rather, it is only meant to

open some of the doors to the formidable edifice of modern algebraic
topology. We cffer it in the hope that such an inforntal account of (he

subject al a semi-introductory level fills a gap in the literature.

It would be impossible to mention all the friends, colleagues, and stu-
dents whose 1deas have contributed to this book. But the senior author

author would Iike on this occcasion to express his deep gratitude, [rst
ol all to his primary topeclogy teachers E. Specker, N. Steenrod, and

VIi
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K. Ftﬂi{lﬁmeistar of thirty years ago, and secondly to H. Sameclson, A.
Sh.ﬂplm, . Singer, I.-P. Serre, F. Hirzebruch, A. Borel, J. Milnor, M.
Atiyah, S.-s, Chern, J. Mather, P. Baum, D. Sullivan. A Haefheer, and

Lracme Segal, who, mostly in collaboration, have continued this word of
mouth education to the present; the junior author is indebted to Allen
Ifatcher for having iniliated him into algebraic topology. The reader will
ind their influence if not in all, then certainly in the more landable aspecis
of this book. We alse owe thanks to the many other people who have
nelped with our project: to Ron Donagi, Zhig Fiedorowicz, Dan Frecd,
Nancy Hingslon, and Deane Yang for their reading of various portions of
tne manuseript and lor their critical comments, {o Ruby Agumrre, Lu Ann
Custer, Barbara Moody, and Caroline Underwoond for typing services, and

to the stafl of Springer-Verlag for its patience, dedication, and skill.

RaauL Borr

Laormng To

Interdependence of the Sections

2()=22

19

X
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Introduction

The most intuitively evident topological invariant of a space is the number
of connected picces into which it falls. Over the past one hundred years or

s0o we have come to realize that this primitive notion admits in some sense
two higher-dimensional analegues. These are the fiomotopy and cohomology

groups of the space in question.
The evolution of the bigher homofopy groups {from the component con-

cent is deceptively simple and essentially unique. To describe if, let zq(X)
denoie Lhe set of path components of X and if p is a poini of X, let ny(X, p)
denotie the set n,(X) with the path componeat of p singled out. Also, corre-
sponding to such a point p, let 3, X denote the space of maps (continuous
functions) of the unit circle {z e C : |z| = 1} which send 1 to p, made into a

iopolegical space via the compact open topology. The path components of
this so-called loop space (1, X are now taken to be the elements of 7, (X, p):

7 (X, p) = melfd, X, P,

The composition of loops induces a group structure on w, (X, p) 1 which

the constant map § of the circle to p plays the role of the identity; so

endowed, n,(X, p) is called the fundamenial group or the firsi homotopy
group of X at p. It is in general not Abelian. For mstance, for a Riemann

surface of gonus 3, as indicated in the figurc below:
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n.(X, p) is generated by six clements {x,, X2, X3, ¥y, ¥2, Y3t subject to the
singie relation

3
n [x¢, yid = 1,
=1
where [ x;, y;] denotes the commmutator and 1 the identty. The fundamental
eroup is in fact sufficient to classify the closed ortented 2-dimensional sur-

faces, but 15 insuffictent in higher dimensions.
To return to the general casc, all the higher homotopy groups n,(X, p)
for & = 2 can now be delined through the inductive tormula:

Tl A, P) = ﬂﬁ:{ﬂp X, p).

By the way, If p and p’ are two points 1n X 1n the same path component,
then

'ﬂ:h(}f: P] s ﬂk{IJ !‘-];}:-

but the correspondence is not necessarily unique. For the Riemann surltaces
such as discussed above, the higher n’s for & = 2 arc all trivial, ana it 18 in
part for this rcason that =, is sufficient to classify them. The groups =, for
X = 2 turn out to be Abelian and therefore do not scem to hiave been faken

seriously until the 1930s when W. Hurewicz delined them {in the manner
above, among others) and showed thalt, far from being trivial, they consui-
tuled the basic ingredicnts nceded (o describe the homotopy-theorelic
propertlies of a space.

The great drawback of thesc easily delined invariants of a space 1s that
Lthey are very difficult to compute. To this day not all the homotopy groups
of say the 2-sphere, ic., the space x* 4+ y* + z¢ = 1 in R>, have been com-
puted! Nonetheless, by now much 15 known ¢oncerning the general proper-
ties of the homotopy groups, largely due to the formidable algebraic tech-
niques to which the “cohomological extension™ of the component concept
lends itself, and the relations between homotopy and cochomology wiich
have been discovered over the years.

This cohomological extension starts with the dual point of view in which
4 component is characterized by the property that on it every locally con-
stant function is glohally constant. Such a component is sometimes called a
connecied component, to distinguish il from a path component. Thus, If we
define H°(X) to be the vector space of real-valued loeglly constant functions
on X, then dim H°(X) tells us the number of connected components of X
Note thafi on reasonable spaces where path componenis and connected

componenis agree, we therefore have the formula
cardinality my(X) = dim H"(X).

Still the two concepts are dual ic each other, the first using maps of the unst
interval into X to test for comnectedness and the second using maps of X
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into R for the same purpose. One further difference is that the cohomology

group H°(X) has, by fiat, a natural R-maodule structure.

Now what should the proper higher-dimensional analogue of H*(X) be?
Unflortunately there is no decisive answer here. Many plausible definiiions
of A X for k = 0 have been proposed, all with slightly different properties
but all isomoerphic on “reasonable spaces”. Furthermore, in the realm of

differentiable manifolds, all these theories conincide with the de Riam
theory which makes its appearance there and constitutes in some seuse the
most perfect example of a cohomeology theory. The de Rham thcory 1s also
unigue in that it stands at the crossroads of topology, analysis, and pliystcs,
enriching all three disciplines,

The gist of the “dc Rham extension” is comprehended most easily when
M is assumed to be an open set in some Euclidean space R?, with coordi-

nates x,, ... ,x,. Then amongst the C* functions on M the locally constant
ones are precisely those whose gradient

vanishes identically. Thus here H(A) appears as the space of solutions of
the differential equation df = 0. This suggests that H!(M) should also
appear as the space of solutiens of some natural diflerential equations on

the manifold M. Now consider a 1-form on A ;
H == E &y -Ein .

where the a.'s are C*® functions on M, Such an expression can be integrated
along a smooth path y, so that we may think of 0 as a function on paths y:

}JHJ .
.

It then suggests itself to seck those 6 which give rise {o locally constant
functions of y, ie., for which the integral J, @ is left unaliered under small
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